
-

#Robasix qubits)To

Formultec here s mrely m tematial axias
↑

Cas first donc probably by re Nomma historicaly).

As we so me will re physical exap of systems

to apply them

Maths needed fans - him dy ,
matrix teny , amplex

numbers · (Ie mare advanced tattings -> finst andysis)
.

#for Roth receps Notation (IreCim) .

-

Complex Hilhert space H
= vector space en a

emplex feld 4 .
Vectors denoted M)

, 1X7,

---

,
scalar #s mod ↓

, p ,
6
, .

- K
.

Traspac reclus (147)
**

= <41
. (1x3)** <X1.

Sabr product a Direc brecht <4/X3 -> K.



&esyn : [Fx> = < 14h . ②

hilimer - < 4/(x1x2 + B(x))
-

= a(4(X, +3(4/Xz)

([(y,
1 + 5(17143

= [(
,

m) + 547-142 .

re : <414350 and equality -> 143 : 0.

Braba : <4143 = 11411" definess mam.

+4) = 141

trieß in 114 + y/1 < 11411 + 1Xx

Carth Schooly (Cy(4) / < XIVY1 .

Exampleof theBat space :
&

· e2 < 10) + $11)9cht <Col +p(i) = (5)
d Enclichen in proch

·
C 1)/ sudit Ir+55i=1

· LIRE 24(* S ,
Le Six "

= (X/y)
= (dx<x)(xy)

ine product STx,yx = <4/X)



③

Jensa modact · For 2 What spece de, He
-

-

we can for a hip an QXD2(= Hirn)

Cractely ath besis (v
,7. ...

/ Vd
,
)

10. 7, --- 12da
= Mi,Wj)

Dela has besis made ofall pairing Mile(wj)
didz

Dima sie is dide .

Elects 14) = [a Ninj)
ijj=

<4) = [ <viwjl

Immer product <Vi wj) vew,)
-

= <vive)(wjlwk] = die G
↑

entherand

insword : ((Y
,
((XD(4.201423

-

=[. 14 .
) <X

.
14 -
>.

Def :
Productiveeta (stete) of 143 be mill as

14,
3eYz) . N dij = Bipj => 197 ispade

reche



desDe... K2 @

Matrice
.

let Le of dimesiad
-

Square matrix A:c
-> 1

14) 14 A(X) .

is a limear map A(4) + (yx) = A(x) + A(X) .

Rentaliain adosis (12) .
... (d)S 152

by Tablea - (athman basis)

Aij = <i(A/j) - 4

Efer ho besis)

Paty : A = [Aijli
j

Prof : [ <ilAljb(2)(j) = [li/A/jkj)
j ijin -

pubja proja
vot ,i 3 ret(07

= A

& likil = 1 & 15j) = 1
*

Icalled the ceme relke (
-



⑤

#product f Rotinea
,

d
,
Xd,

&: 22 +He &2xdz

Lag) : Helelr

14
.
78142- (Axis) /4,

) o14r)

= A(4
,
)eB142) .

It limecuity to complete definition) .

Tublanrepr.

(i
, j) A e B(k

,

1) =
(i , j)(A(k)e B()/

= < /Alk) <jlisle)

= Air Bie

= (AB)ij ; ke .

dida xd
,
de

Exemple :

(5) (4) = ) ( 425



&
Prenty :

Ar = [Ail](je [Be /K e
K

,
l

= [Auj Brelik) jel.
ijke

-

Hamilian matrice: A = At
*

=
At

-

Aij = A,
<ilA(j) = i)

haet
cof an atha of bais

· I : Yet
[Exucis)

-

porten se prod a man ( miterily.

(0(4))** (((x)) = <int-(x)
= <y(t /X)

= (4/y)
· 115411 : 1411 .



⑰

xiansof QM .

I .
Ar isolated syst is decribed by a

state rection elect of a tithout space Ho
143 We euch hove 11411= 1.

#
.

Thelime evolutic of the stake rector is give

by a milary matrix :

by (t) = En /4(03) .

whe E :
E
+E = -

.

E- particular 1141t, 11= 1451,11= 1. The

malia schify compositio property :

- (fy +2) t(tz ·
+
.
1: JCty .

t
,
1

.

Tit Tim --



⑧

# .

Obsurable qualifie are represented by hermite
-

matrice A (i-e sit A =
At)

.

Iepostible . 2) If a system is a
Shoe

14h and an observable A is measured the

rande
~

the renet of the Moos is an engevelure Li of

A [i = -- d) with probability (i) 4) /"

when Ii) is eifente and stake offen leas is 14h
.

Va Neuere Projecte Measurets
-

b) the measurent apparates for us is equival
att
-to a doice of besis 311), -- . (d)3 .

With Mis

Meas App me can measure any obs that has there enjerectors

If state is 141 the stale after meas is 112 with

prob 1< : 1431= problic
Remark
-> [In) (i) = its are proj) appras · [T; =1

.

-

probuis = <414: 147 = 1 :14)/"
state ofte Ress #:(4)\+ :(4)

.



a d &
Remark

& [ probli) = 5Kilx3/"
-

i i =,

=
(y(12(i(x) = <(4)

= 1.
-

· If 1410 7 = 141 and we let syst

evolve fac him a the mesur /41t , )

with apparais [11)--- (d]) the syst

affe Meas is 127 will mah

((i(t + (4))"=(i)
S

Such brocket
. Often alled a "tractic protectity

=GrositifSysea
> Syst is dera by li.

Syst tris described by Pretty

Stel (4) -HaeCi.



⑱

f Product & E-lenflec state.

~ 141 is a product stake of J1XA)-RA and

(4) + 4
.3

5 . + 147 : 1x1 >* /X) .

14) is an elanged state of it is not product.

Property If syst is instal 143 and A
F

is measured the statistics of Mis mees schsfe :

exproduct A = [x: /(i(y >12 = <+1114).
in

va of A = [Ckilyi1- <pIAly)

= <y/A (4) = <(a /y)2

(Excise) -



⑪

③ enbits & ensembles of subits .

Many physical systems are constituted by ascemblic

of disuele 2-dim systems where individual

Hilbut space is H = K2
.

Fa N such 2-dim

systs Probl= --
.

-

-time

Examen : stake of a photo is a venter
-

amalyous ↳ E field of an e-r ware

#prog vey

in plane t ↳ were make

:todi
base

basisint his has complex
->
- IR3 ,

/4)
.

de basis .

coupants

1 Polsk) = < (vi + B(H) = 0 (97 +&(7)



⑫

2) Spir Y2 : Magn monet of pertine
-

-

suchds electra
, proton , some muclei

,
clans

ent
--

which take only to penible relaies

who measured
.
Mas an tai next line.

3 (5) ,
16> (31 -> )

, 1535 : ---

3) o luel systs
-

tansias-finste shrycombeen frm- Gren stat

rest of Spectrum -

& All these cestibule natural "qubits".

gabits an two lel systs ca also be enjected

exampl aperzendactig einmits
-

· guhat tus at to be the elementary mahmal

unit of quartie infamche .
Machas desciol but

is inf unit ofcesl informate



⑬

· (" = (910) + pl =1) ,

<
,pekS.

102 = (6) (1) = (:) is an all bosis

canpultent bosis
. on -basic

( =R

is anothe besis Hadamadhesis a X-basis

Olen in penhet basis J-basis :

#il /

excim : check attoreality of E-boris !
-

· Miguhits : De De ce

comp
besir Ihelbule ... elba) hi = a,

147: [ C..
- bo 1bibe--Bw] 2direwal !
--
-



⑭

2
Note 2 classical but strings can be encoded in

N qubits ! But all a calium ret org complex ads

->
Howeve if we apply the Mess Mincpe on e

tot a Meas (say in compbosist allows b

extract only ane string

pub (b .
- - ba) = 1 <b, - bu(4))

= /C
.
-- bad"

-> So are shold rele think net <107 + pi)

cabains an ificie amont of ifanche -
How be

qualify this is give by re-Neuea ahrapy
-

(se late en)



⑮
↓ a④ locksphere-amatricashebe of subits &2.

A qubit state <(0) + $11) has

6
, Bec" with Kl+ Bi= <+P= 1

There are thus 4-1 = 3 heal panameles Not

matten
.

In fact in Gi2 state

id
2(0) + p(1)

,
2 (loi+ P(1)

ar equiclet because in any proj mes

Me gladplaie J is not observable

Indeed pub(U1 = / <vide" <101 +1117)/"
=Le (v/dlo Plis

"

2

Thus we can cloose I so not ed is real

As a real we need only 2 real params
-



⑯

Standard parametrinale is as follows :

SoL = CoS
Z = e site

S #Pr Ph= cos + 12:4" si = 1

2 ER .

Z

↑ tasche
e

inbit

------

X

⑳
atte



⑰
Seiden :

10) = 14) 0= o sy anything . (2)

D
(k = ()

5= +
, yaym (% )

.

z-besis (10) , 113 So

↑ 10) - 11) 5= jy = πj))
R

X-
10) + 11)
-

M
& = [i y = 0%
X-basis . En ; et S

J



Z ⑱
5 =π

I =i y=:
Y-beais . Z

1

#e e iloch site
oppent le vents

are athemat in Athout space.



⑤combintaralds for shirs
.

A : D"->
"

2x2 humilia marion

A =
At

basis of this space of matric :

il
.

E = (id) m = ( :") z =( - i)

A ao1 + ax *x +a, G + azz Mostgeruf

Gos 0x , Cy, E. A = A
+

-

obserable.

[Note tat
, by Of are also milary but this is a "coincide")
-

Measurementof Le
-

Eljereclus are 10)
,
(1) = take -bais

Reas remets (0) : p(0) = Koly)/ = los)
"

(1) : p() = (1(4))"= (si)



⑳

Measurement

projects 14 (i auto 107 on (1)

L
w . prob (CSEJ

on (Si2
#

↓sofox eiferectus : lo&

=> take X-basis
-

Meas rear (
= 1)

P(t) = ((())(a +e))
=[ caseai

esofTy exercise
.

-



⑭

&kiy dynamics in D2 ↑

Stonesthen : any umilery matrix an be
-

wi Her t =
e'A where A

is hermitian
.

2 e we must have [Ctg
,
fu) U Cert

= T(ts
,

+)

it follows any metary dynamics in I is

of Mis form Above
.

-

Speciacare Ut=* with H=
H
+

and H dependent of timee .

H is called Reffenerator a) Hamiltonia in physics.
Most genevel Harillanin is of for

H = 2
.

8 = bx0x + by + bzuz

h = Carle . ma) =1
= Pack cashet/2+ -

-T



②

Bank Note Got Search eith=(eit a)
=

et (ri)
= a trinidgebalplane.

&

Remark : In the case when the gabet is
T

physical spin n B = magrelic field

5
= (ty

, 4 ,
0)

& Magnetic moment

observable .

Moe on tis later-
-

&emark : it Et = Hiti mentliply by 1415

>141)= H14(1)Scheediten
It turms out this equation is still valid if

H dependantie 14



⑬
-oledSystems , Spin, Dynamics.

In physics a
noo fevel system is any

system where you can isolate two attonauno

states which fam the basis of the Hebert

space . Typizely we will coll them

103 , 117 [qubit interpretation

152
,
Its (spin te interpolebe (&

(g) , (2) Catamic interpreteh - I
-> evegz

80· If / e

- 1g)

The most general Hamilnian and emitary

dynamics is the ore given before



③
"Spir12 example
-

Magnetic maments are orientational
,
"weden",

degreen of freedom reacting to magnetic fields.

For example the needle of a compass has a

magreliz mamat which aligns with the earth's

magretic feld . In general magnets has a

Nath and Sath pole
,
i
.

a They are "dipola"
⑤

which carry a megrale manant M

pa
When placed in a magnche field B the "dipol"
-

of will hend to align (on anticligu) and
-> -

minimize an energy E2-al . 13



mikorogic ⑮
- -

The origin of of Ca magnetic moments (

is a complicated story (Here are various abribes)

But in particular in nature some systems

Celectros
, protes. --

I have an intrinsic

magnetic moment which is a "granhum observable".
-

Im oben wade alto = Coly
, My ,

Cht)

has comparents which are hermilian matrices
.

There may here any inlegen dimension 2

depending a the type of magnetic moment .

A panticaer type of magnetic manant

has 2x2 metrix comparents given by the

Pauli matrices

* = (! ) = ( )v =6-i)
.



&
in E = (Ex , 5 ,Ut)

~

just ohe matation. upl progationality
anstent . 2 .

1

The energy
obsirable" of these rajuetic

maments is

H =-g magneticfild

↑ T

syranapelic Spie / recte

facen

H =
= g(xx3x + a, By + Bz)

Bz BiBy
== s (Bx+i By - Bz

&

Remak : As said befor this mathematical structure
-

senvale the most general unitery dynamics in 2 and

is mathematically applicable to any to-level system.



nanicsof "spirk in constant "Magali

If it is constant we can choose axis

so Nat /z i
.

2 = (0
,

0
, Bz).

=2 H =

- gBzz

It is conventional to measure energies in termes

of frequencia i
.

e we net gBz=En
2

where Les is called the huma fregnang

Wole : <Ei] a Charly]

t = [Tanks . Sea] = est

t

E
ISo H = -t = (

-

·
Es



⑳
This describes to energy levels (atwolnal

syst)
↓trn Il = (i)adespir

gap -F =

excited stale

tr ↓
- -tu 14) = (6)sandset

gramins Y

-

t = -Ej e S
hidstate : 1410 = csE + cEH)

Estakeat time ti

14 (t)) =
0
+ 14101)

= cas et



⑮

ide -

tue (14)+()e ((4cts] = 1)
-

-
global

time evolution
plane

is mobsenoble

Blockherrepresentatio :
Z
1

⑮
X

· trafectay is clay tip of care making
an angle8 with z

· period = w = n+ =f-

·
This is called the Larma precision
-



⑳

&nicsin a hime dependent mage field.

If ist) depends an time and cannot

anymore be laken aby z it become difficult

to compute exactlyVe in jenerd. However

fa

E(t)= (Cosnt) Bec (int) By s Ba

i
. a roltingi- Xy place we can compute

exactly the dynamics

H
=- gB,

(casat 0 + Sint(y) -g

set gB= tw,
T

gBz = En
2

.



⑪
H= -

tw
, (cosnt Ux +surt) -En
Z

int -inf
coscot = E + 2

-

2

sinct = 2

int
-

e

-
int

= - iit-

2;

imf

M=-[i)2

& 2 (4 - iz)= a = ( ,%) "Ladder spenchers"
2 (0x + ig) = 0 = (0!)

#Fin



⑫

I and 5-are called ladden operators· The

schoty QI4 = 0 , @ 1) = 15

r
-
1x) = 1) ,

EN) = 0
S main

D
~

It)

S Energy of engastater of EN

to t ↑
It]

fT
- ITS



⑬
Unitary dynamics-ni

-int

H =- (e +oc

+ +

) -t

Note What have H = H(t) depands on time.

* it is not true Ret
However Et salisfie. the Schreedinge- equalia

&&Et = HEIE a it=II dt
-

It is not trivial how to solve it because

H(t) depech an time
. However for ahore Hamithania

There is an exact solution
.

Here we give a heuristic derivation
.

Enll desination in exercises



⑮
Since Elt) = (Bicosat, B ,

Sirt
, Be)

of we attech crete to a reference frame attached

to rolating Eck in Xy plane we would see

a different homittanian :

Hotaticfamt - En Ox-t-w
nu ~

Maga field
· =

New Comman
along X in precensionfrequency
rolating from =tuning paramden"

Bz

D Hurfan
Bi

One can show that Hits & Hrozzcame are

related by a "similarity trot" (unitarity equir).



⑮
- rotating frame -It Hot frame
v = 2
t ↑

time independent
Hamiltonia

New ux

in

2 = (los) 7 + ilsa) Y

fall Ell= 1 (excise)

to compute the unitary evolution operator in

the retating frame exactly . (See exercises
&

#Herewe discus only special cases.



⑯
*Highy deturned situation :

d = w-w) w
,

-
I

= Horfen ( S %fo
I &

= 1Dynamics given by
huma precension o

In bb frame this is wh.

Basically dynamics is raughly the one withat
B-

*ured situation

5 = m-ww
, (ade0)

=D Hrotfram=



itx &
TrafeE
- (est) i + :itx

Fr t = Votfers (=) Et
1/

= NOT gate"SFa
= Vot= )= E +ic)

= (ti)
= "Kind Hadamandgale"

&
time Hier In S



⑳

⑧ Appendix ↑ lebreof Pauli matrice.
-

-

It useful to ave algebrais propertin in clublions.

It is an excive to check them

2

1)0x = c = c = 1

2) Voj =- fa i + j (X
, y, z) .

3) [* 1% ] = Licz and yolix remulations

S(ty 1z) = 2ity ↓
[Vz , Ux] = 2 ity.

Ne bydef : [A, BJ= AB- BA the cumulator

4) exp(idn .2) = (csa)[ + i(ix) . ;. /Il = 1.


